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ABSTRACT 

It is demonstrated that the action of SU(A^) principal chiral model leads in the 
limit ^ 00 to the action for Husain's heavenly equation. The principal chiral 
model in the Hilbert space L^(3fJ^) is considered and it is shown, that in this case 
the chiral equation is equivalent to the Moyal deformation of Husain's heavenly 
equation. New method of searching for solutions to this latter equation, via Lie 
algebra representations in L^(3?^) is given. 
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1. Introduction 



Recently a great deal of interest has been devoted to the relation between 
chiral models and self-dual gravity^"^. In particular, Husain"^ has shown that the 
Ashtckar-Jacobson-Smolin equations describing the self-dual vacuum metric can 
be written a s the principal chiral model equations for the Lie algebra sdiff(S^). 
This enables him to derive a new form of the self-dual gravity equation which we 
call Husain's heavenly equation. 

In the present paper we show that Husain's heavenly equation can be derived 
from the action which appears to be the N ^ oo limit of the action for the SU(A^) 
principal chiral model (Section 2). 

Then in Section 3 we consider the principal chiral model in the Hilbert space 
L^(3?^). We prove that in this case the chiral equation is in fact the Moyal defor- 
mation of Husain's heavenly equation. 

Finally, in Section 4 it is shown that given a solution of the principal chiral 
equations for some complex Lie algebra Qc and a representation of Qc into the Lie 
algebra X of linear operators acting in L^(3fJ^) one get s, via the Weyl-Wigner- Moyal 
formalism the solution of the Moyal deformation of Husain's heavenly equation. 
Then, assuming that this solution is analytic with respect to the deformation pa- 
rameter h and putting ^ — > one finds the solution of Husain's heavenly equation. 

Therefore, in a sense, the looking for the self-dual vacuum metrics consists in 
the searching for the Lie algebra representations in the Hilbert space L^(K^). 

Two natural questions arise 

(a) -. What is the connection between our method and the twistor method? 

(b) -. Does the method presented, provide us with a model of the well known, but 
still mysterious, procedure^"^ su(N — > oo) = sdiff(E^)? 

We intend to consider these problems elsewhere. 
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2. The principal chiral model approach to self-dual gravity 

We deal with G-principal chiral model in a simply connected open submanifold 
V of the two-dimensional Euclidean space 3?^ of Cartesian coordinates {x, y). Here 
G stands for a matrix real Lie group. The real Lie algebra of G 

will be denoted by Q. 

The principal chiral equations can be written as follows 

d^Ay - dyA^ + [A^, Ay] = 0, (2.1a) 

a^Aa, + a^Ay = 0, (2.16) 

where A^ & Q ® C°°(V), ji G {x, y}, are the chiral potentials. 

From (2.1a) one infers that Ax and Ay are of the pure gauge form i.e., 

= 9-%9, (2.2) 

where g = g{x, y) e G, // e {x, y}. 

Substituting (2.2) into (2.16) we get the well known principal chiral equations 

dxig-'d^g) + dy{g-'dyg) = 0. (2.3) 

However, another approach is also available^. Namely, from Eq. (2.16) it follows 
that 

Ax^-dyO, and Ay^d^e, (2.4) 

where 9 — 0{x,y) is some ^-valued C°°-real function on V, ie, ^ e ^ C°°{V). 
Inserting then (2.4) into (2.1a) one obtains the principal chiral equations in the 
foUowin g form 
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die + die + [dj, dye] = o. (2.5) 

Assume that the Lie algebra ^ of G is semisimple. Then by straightforward cal- 
culations one can show that Eqs. (2.5) are the result of the variational principle^ 

5Sch = 0, Sch = j I^Ch dxdy 

V 



Cch := cTvl U[dJ, dye] - ^ {{d:,ef + {dyOf^ I . (2.6) 

where a > is some constant. (Compare also with Ref.9). 
Consider now the case when 



G = SDiff(E2), (2.7) 

where T? is a real two-dimensional fiat symplectic manifold of the symplectic form 
cu — dq A dp. Then in the case considered we have^~^ 

g = sdiff (E^) ^ the Poisson bracket algebra on E^. (2.8) 
Consequently, e e sdiff(E^) (8) C°°{V) is a Hamiltonian vector field 



(2.9) 

dq dp dq dp 

where © = Q{x,y,p.,q). Substituting (2.9) into (2.5) one gets the following equa- 
tion 
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9^0 + d^Q + Re, dyQ}p = (2.10) 

where y = y{x, y) is some real function and {•, ■}p stands for the Poisson bracket 
on T?^ i.e., 



{d,0,dyO}p.^^^ (2.11) 

From the very definition of B (2.9) one quickly infers that without any loss 
of generality the function y can be chosen to vanish. Finally we arrive at the 
sdiff(E^)- principal chiral equation 



dle + dle + {da,e,dye}p^o. (2.12) 

This is exactly Husain's heavenly equation^ determining the self-dual metric on 
V X E^. (For other heavenly equations see Refs. 9,10 and 11). The evident formal 
similarity between Eqs. (2.5) and Eq. (2.12) may suggest that this latter equation 
can be derived from the variational principle analogous to (2.6). Indeed, by simple 
computations one finds that Eq. (2.12) appears to be the Euler-Lagran ge equation 
for the following variational problem 

SSg — 0, Sg — J Cg dxdydpdq 
VxE2 

Ca := ~Q{d,e, dye}p + ^ (^{d,ef + {dyOf^ . (2.13) 

(In the cases of the first or second heavenly equations^ the Lagrangians analogous 
to Cg have been considered by Boyer, Finley and one of us (J.F.P.)^^. Compare 
also jCg with Ref. 9). 
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Note that the variational principle (2.13) can be justified as follows: Let G — 
SU(N) and, consequently, Q = su(N). It is well known that 



su(oo) ^sdiff(E2). 



(2.14) 



Then, taking the constant a in (2.6) to be now 



a — 



(271)4 



(2.15) 
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one can prove that Sq appears to be an A/" — > oo limit of Sch- This limit can be 
obtained formally by the substitutions^ 



(About su(A^ oo) see Refs. 5,6,7 and 9). 

3. The principal chiral model in a Hilbert space and 
the Moyal deformation of the heavenly equation 

Here we consider the case when the group G appears to be the group of unitary 
operators acting in the Hilbert space L^(K^). Then, Q is now the Lie algebra of 
the anti-self-dual operators in L^(3?^). To make our notation more tra nsparent 
we use in the present case the symbols U and U for G and Q, respectively. The 
principal chiral equations (2.5) take now the form of the operator equation 
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e 



e 



[d^e,dye]^{d:,e,dye}p, 



(2.16) 



die + die + [dj, dye] = o, 



(3.1) 



Finally, defining the self-dual operator- valued function 6 — Q{x,y) 



e-.^ihe, eee)®c°°(v), 



(3.2) 



where O stands for the set of the self-dual operators in L^(3?^), we get the principal 
chiral equation in the Hilbert space L^(3fJ^) to be 



dle + dle + ^[da,e,dye]^o. 



(3.3) 



By simple calculations one can quickly show that Eq. (3.3) can be derived from 
the following variational principle (compare with Ref. 9) 



-I 



^Ch ~ I '-ch 



C^^l dxdy 



^Q[d,Q,dyQ] + \[{d,Qf + {dyQf 



27:hJ2 < - ^e[5.e,9,e] + 1 (^(a.e)^ + (a,e)2^ ||^,- >, (3.4) 



where {lipj >}jeJ\f is the orthonormal basis in L'^{^^) 



< ipjlipk >^ Sjk, ^\ipj Xi/jj]^ I. (3.5) 

3 

Now we arrive at the point where the Wigner-Weyl-Moyal formahsm^^"^^'^ 
can be apphed. By the Weyl correspondence one gets the real function on V x 3?^ 
defined as follows 

+ 00 

Q = eix,y,p,q):= J < g - ||e|g + ^ > exp(^)de- (3.6) 
— oo 

As © satisfies Eq. (3.3) the function © satisfies the equation 

die + d^e + {d^e, dye}M = o, (3.7) 

where {•, -jM stands for the Moyal bracket i.e., 



{/i, /2}m ^(/i * /2 - /2 * /i) = Ih^H^ hf2, (3.8) 

where V: - |;^, /i = hix,y,p,q), 

f2 = f2{x, y,p, q), with the Moyal *-product defined by 



/i*/2:=/iexp(|p)/2. (3.9) 
Prom (3.8) and (3.9) one easily infers that 



lim /i * /2 = /1/2 and lim{/i, /2}m = {/i, /2}p- (3.10) 

Therefore, Eq. (3.7) is evidently the Moyal deformation of Husain's heavenly 
equation (2.12). 
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One is also able to express S^j^ and C^j^ in terms of G defined by (3.6). A 
straightforward computation shows that 



4t= / ^'i'^ dxdydpdq, 



4^^ - -^6) * Re, dye}M + 1 (^{da^Q) * {d:cQ) + {dyO) * (Sj^e)^ . (3.11) 



Thus Cq^^ can be considered to be the Lagrangian for Eq. (3.7). Of course, 
by (3.10) one has 



lim£^^=£G- (3.12) 



It is of some interest to consider in the present case the principal chiral equa- 
tions as written in the usual form (2.3). 

We now have evidently 



dx{r^d:,g) + dy{g-^dyg) = 0, (3.13) 

where g — g{x, y) is an U-valued function on V. Eq. (3.13) can be easily found to 
follow from the variational principle 
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V 



^ -nh'Tr{{g-%9){9-%9)} 

^Trh^T:i{{d^g){d^g-')}, t^&{x,y} (3.14) 

(Summation over /j, \). The Lagrangian (3.14) is well known in the principal chiral 
model theory'^^. The constant ttH'^ is chosen for further convenience. 

Using the Weyl-Wigner-Moyal formahsm one gets 



J dxdydpdq 



4i = j ^t^dpdq = J ^''^dpdq, 



K2 W 



cT^:-ti9,9)*{dy'), (3.15) 



where 



+00 

9 ^ 9{x,y,P,q) J < g- + | > exp(^)(/^ (3.16) 



and 5' ^ is the Moyal *-product inverse of g i.e., 
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g-'^*g^9*g-^^l. (3.17) 

Moreover, as = g^^ one has 

g-' = g, (3.18) 

where the bar stands for the complex conjugation. 

In terms of the function g — g{x, y,p, q) Eq. (3.13) reads 

=0- (3-20) 

This last equation is equivalent to the Moyal deformation of Husain's heavenly 
equation (3.7) the correspondence between Eq. (3.7) and Eq. (3.20) is given by 



g ^:^dxg = 9 ^*dyg= ^9x0. (3.21) 

In terms of the Lagrangian C'q^^ reads 



^'g '^ = I [(9x0) * (5.6) + {dyO) * (dye)] . (3.22) 
The difference between Cq^^ defined by (3.11) and C'q^^ 



when the relations (3.21) are applied, vanishes. Indeed, one quickly shows that 
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* * 

{9a;©, dyQjM = {g~^ * dyg, * dxg}M = 0. 



(3.24) 



Gothering all that, one concludes that Eq. (3.20) with (3.18) give an equivalent to 
( 3. 7) description of the Moyal deformation of Husain's heavenly equation. 

Finally, we make an important remark. The considerations of Sects. 2 and 3 
can be easily generalized on the case of the complex Lie algebras Qc- In this case 
the solutions of the principal chiral equations (2.5) are ^(^-valued C°°-complex 
functions i.e. 6 = 6{x, y) G Qc C°°(V; C) and the solutions of Husain's equation 
(2.12) or of its Moyal deformation (3.7) are admitted to be complex. Therefore, 
consequently, instead of U one deals with the complex Lie algebra of operators in 
L2(sfti). This algebra will be denoted by I . Thus we have now O e C°°(V; C) 
and the function © = Q{x, y, p, q) defined by (3.6) is, in general, a complex function. 
Then the extension of the results on the case of complex coordinates {x, y,p, q) is 
automatic. 

4. Remarks on looking for the solutions 

The results of the last two sections provide us with a promising method for 
searching for the solutions of Husain's heavenly equation (2.12). 

Indeed, let 

^-.Qc^i (4.1) 
be a Lie algebra homomorphism. This implies that if 

= 0{x, y) = Oaix, v)Ta & Gc ® C°°(V; C), (4.2) 

where Ta & Gci cl — 1, ...,dimQc, constitute the basis of ^c", is a solution of the 
principal chiral equations (2.5), then 
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e^e{x,y)^ih0aXaei^c°^{V;C) (4.3) 

satisfies Eq. (3.3). (Summation over a is assumed!). Consequently, the function 



e ^ e{x,y,p,q) = ihea{x,y)Xa{p,q), (4.4) 

wfiere (see (3.6)) 

+00 

Xa^Xaip,q):= J < q ~ ^\Xa\q + ^ > exp{'^)d^, (4.5) 

— 00 

appears to be a solution of Eq. (3.7). Assume then, that the function is an 
analytic function of h i.e., 

oo 

Q = J2h^en, (4.6) 

n=0 



On = Qn{x,y,p, q). 

As © is a solution of (3.7) and lim;i^o{") '}m — {•, - jp the function ©o fulfills 
Husain's heavenly equation (2.12). 

It is evident from our previous considerations (see especially the end of §3) that 
if one restricts oneself to the real Lie algebra Q and, then, to the homomorphism 



^■.g^U, (4.7) 
then one arrives at the real solution ©q. 
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Finally, the self-dual metric is defined by 



ds^ = dx{Kxpdp+Axqdq)+dy{Aypdp+Kyqdq)-\ 



1 



[Kxpdp+Kxqdq] + (Aypdp+Ayydq) 
(4.8) 



{Ax,Ay}p 



A = eo 



where Axp = dxdpA, Ayp = dydpA, ...etc. 

4.1. Examples 

The SU(2) Chiral Model 

Here, the solution of the principal chiral equations (2.5) can be written in the 
form 



e = e{x,y) = ea{x,y)Tc 



a = 1,2,3 




(4.9) 



We define the Lie algebra homomorphism $ : su(2) — > X by' 



.20 
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$(ri)=Xi:= i(3q+—{f-l)p, 

Ht2) = X2 := -Pq + ^{f + l)p, (4.10) 

^(rs) = X3 := -1(31 - ^qp, 

where /3 e 3? is any constant; q and p — —ih-^ are the position and momentum 
operators, respectively. Then, the complex function © = Q{x,y,p,q) defined by 
(4.4) and (4.5) is a solution of Eq.(3.7) i.e., of the Moyal deformation of Husain's 
heavenly equation. 

Inserting (4.10) into (4.5) and, then the result into (4.4) one quickly finds O 
to be of the form 

e = ^M?' - 1) - ^M?' + 1) - i03pq + h-ip + ^)- i-eiq - i^ag + ^3). (4.11) 

Consequently, the function ©o 

©0 = 'fip{q^ - 1) - l02p{q^ + 1) - i0spq, (4.12) 

appears to be a complex solution of Husain's heavenly equation (2.12). It is evident, 
that taking 

+ l 7e3?, (4.13) 
one finds another solution of Eq. (2.12); namely 

©0 = ©0 + 7 • ( - ^1? - i02q + Os) . (4.14) 
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The SL{2;^) Chiral Model 

Now the solution of the principal chiral equations (2.5) takes the form 



9 ^ e{x,y) ^ 9a{x,y)Ta, a = 1,2, 3, 



1 / 1 \ 1 (0 -1 \ 1/1 , 



[n, T2] = T3, [r2, T3] = Ti, [t3, ri] = — T2. 
Following Ref. 21 we define the Lie algebra homomorphism $ : sl(2;3fj) — > W 



by 



<l>(r2)=i:2:=j(i^ + ^ + 9^), (4.16) 



.(.3)^X3:4(1-1)^ 



where 5 e 9? is a constant. 



Defining the functions Xa — Xa{p,q) according to (4.5) and inserting them 
into (4.4) we get the real solution of the Moyal deformation of Husain's equation 
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to be 

(4.17) 

Thus one arrives at the solution which is not an analytic function in h if 
&i-\-&2^ 0. Therefore, in general, the function 

eo = -\9zpq (4.18) 

doesn't satisfy Eq. (2.12). 
Assume 

01 + 02 = 0. (4.19) 

Then, using the results of Ref. 20 one shows that O2, = 9s{x,y) is of the following 
form 

dj-i = dyF, dyOs = -d^F, (4.20) 

where F — F{x,y) is an arbitrary real function. 

Consequently, 60 defined by (4.18) and (4.20) fulfills Husain's heavenly equa- 
tion (2.12) but, as now {dxQo,dyQo}p = 0, this solution doesn't define any self- 
dual metric (see (4.8)). 
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